MOAA 2019 Accuracy Round Solutions

1. Let’s say that a cow eats one unit of grass per day. By the first condition, the pasture provides 100-10 =
1000 units of grass over 10 days. By the second condition, the pasture provides 100 -5+ 120 - 3 = 860
units of grass over 8 days. Thus, it must be true that in two days, the pasture produces 1000—860 = 140
units of grass. Therefore the pasture produces 70 units of grass per day, and so it is able to sustain 70
cows per day indefinitely. Any more cows than that would eat more than the pasture could produce,
so eventually the pasture would run out of grass, and the answer is indeed

2. Reducing the equation modulo 3 gives
2+2+£0+1£2+£0.
However, note that the choice of +2 is equivalent to +1 in modulo 3. Hence we can replace this with
—1+£14+£04+£1+1+0.

Now note that we must have two +1s and one —1. This can happen in 3 ways. Then we have 2 choices
for each of the two Os, giving an answer of 3-4 = .

3. We apply complementary counting. First we count the total number of rectangles, then we subtract
off the number that contain both red squares. The key observation is that each rectangle is defined
by four lines: two horizontal and two vertical. Therefore, to count the total number of rectangles,
we multiply the number of ways to choose two horizontal lines by the number of ways to choose two

vertical lines:
7 6
. = 315.

We can count the number of rectangles that contain both red squares in a similar way. There are 2
ways to choose both the top and bottom horizontal lines, and 2 ways to choose the left vertical line
but 3 ways to choose the right vertical line. (These measurements ensure that a rectangle we choose
will contain both red squares.) In total, this gives

2.2.2.3=24

rectangles that contain both red squares. Therefore, the number of rectangles with at most one red

square is
315 — 24 =291 ]

4. Let P(x) = az® 4 bax? + cx + d. Note that we want to find —1- + L 4 L — mtretrs and that

T17T2 273 371 T1T2T3
r1+re 13 = —g and rqrors = —g by Vieta’s formulas. Thus we are really looking for the value of

%. We are given that
(—8a+4b—2c+d)+ (8a+4b+2c+d)

7 = 200.
Canceling and simplifying yields
b+ 2d
200 = 8o+
100d = 4b+d
b9
d 4°

Our answer is thus 99 +4 = .



5. Note that since ZDAE = 90°, ED is a diameter of the circle. Thus ZEOD = 90° as well. Now, observe
that ZEOB = ZADC = 90° and ZEBO = ZACD since we are in a rectangle. Thus AEOB ~ ANADC

by AA similarity. By the Pythagorean Theorem, BD = AC = /32 + 12 = 1/10. Thus OB = @.
From similar triangles, we have

OB V10 5
EB=AC — =V10- — = —.
¢ DC V10 6 3
Our answer is thus .
A E B
o)
D C

6. Extend AD past D to a point A’ such that AD = DA’. Note that A’ is the point opposite A on the
circle centered at D with radius 100. Thus ZAFA" = 90°. Also, since A and B are opposite to each
other on the circle with center M with radius 50, ZAEB = 90°. This means that B, E, A’ are collinear.

Now call FB = x and extend FC past C to a point G such that A’G || DC. Note that AFGA’
is a trapezoid with midline DC. Furthermore, since AF = 100 — z and DC = 100, it must be true
that A’G = 100 + z. In addition, note that by AA similarity, AAEB ~ ANA’EA ~ NA’AB. Thus

BE _BA 1
EA AA 2

and
A’E_A’A_
EA  AB

Thus 4BE = 2EA = A'E. In addition, we may note that by construction, AFBE ~ AGA'E. Thus
AG=FB- % = 4x. We now have two expressions for the length of A’G, and they must be equal:

1
4dr =100+ 2z = xz%.

Thus AF =100 — % = @7 and the answer is .



A G

7. If 3x 4+ 5y and bx + 2y are both integers, then so are linear combinations of them. In other words,
if we multiply both expressions by an integer and then subtract them, we should still get an integer.
Thus, if we multiply the first expression by 2 and the second expression by 5 and subtract, we get
5(52 + 2y) — 2(3z + 5y) = 192. This number must still be an integer; thus, z must be of the form 4
for some integer 0 < a < 19. Similarly, if we multiply the first equation by 5 and the second equation
by 3 and subtract, we get 5(3z + 5y) — 3(5x + 2y) = 19y. Since this must be an integer, y must be of
the form % for some integer 0 < b < 19.

Thus we have reduced our problem to finding 0 < a,b < 19 such that 3a + 50 = 5a +2b =0 (mod 19).
Note first that if 3a + 50 = 0 (mod 19), then 0 = 8(3a + 5b) = 24a + 40b = 5a + 2b (mod 19). Thus it
suffices to determine all a, b such that 19 divides 3a + 5b. However, for each 0 < a < 19, we may choose
the residue b = 3a-5! = 12a (mod 19), where 5~ = 4 denotes the inverse of 5 (mod 19). Therefore,
for each 0 < a < 19, there is exactly one value of b such that 19 divides 3a+ 5b. There are thus 18 pairs

of integers (a, b) between 0 and 19 exclusive such that 19 divides 3a + 5b and 5a + 2b, and consequently
pairs of real numbers (x, y) between 0 and 1 exclusive such that 3z+5y and 5x42y are both integers.

Alternatively, one may find the answer to this problem by graphical methods, despite the approach
being non-rigorous.

8. Let’s do casework on the number of sections S at the end. Note that there are a total of 4* = 256 ways
to color the spinner.

o If S =1, all four sections of the spinner must be colored the same. There are clearly 4 ways to

do this, so the probability of this occurring is 525

e If S =2, we have a couple of cases. Note that we cannot have more than two colors since that
would result in at least 3 sections.

— There are three sections of one color and one of another. There are 4 -3 = 12 ways to choose
the colors, and 4 ways to arrange them, resulting in 48 cases.



— There are two sections of one color and two of another. There are (3) = 6 ways to choose
the colors. The sections of the same color cannot be across from each other, so they must be
touching. This gives 4 ways to arrange them, resulting in 24 cases.

In total, there are 72 arrangements, so the probability of this occurring is %.

o If S = 3, note that we cannot have four colors since that would result in 4 sections. We also
cannot have two colors since there is no way to arrange them into three sections. Therefore, there
are two adjacent sections of one color, and the two remaining sections are two other colors. There
are 4 - 3 = 12 ways to choose these colors, and 4 - 2 = 8 ways to arrange them, resulting in 96

96

arrangements, so the probability of this occurring is 5=&.

o If S =4, we have many cases:

— There are four different colors. This results in 24 cases.

— There are three different colors. The one that appears twice must have its sections opposite
each other. There are 4-3 = 12 ways to choose the colors and 2-2 = 4 ways to arrange them,
resulting in 48 cases.

— There are two different colors. Then they must both be opposite each other in a checkerboard
configuration. There are (‘21) = 6 ways to choose the colors and 2 ways to arrange them,
resulting in 12 cases.

In total, there are 84 arrangements, so the probability of this occurring is %.

We can quickly check that these probabilities sum to 1, so we haven’t made an obvious mistake. The
expected value of S is then

1 193
—(1-442-72+3-96+4-84) = —
256( * - - ) 64’

and our answer is 193 + 64 = .

. Let F be the foot of the perpendicular from A to BC' and G be the foot of the perpendicular from
C to AD. Note that AF =12, BF =5, and CF = 9. Since CHs and BH; are parallel, ABH  F is

similar to ACHyF'. Therefore,
H\F BF 5
FHy, FC 9
However, since H1 F' + FHy = H1Hy = 1001, we know that HoF' = % -H{Hy; = %87. Now note that
since /ZFCHy, = Z/GCD = 90° — ZCDG = ZFAD and ZCFHy = ZAFD = 90°, ACF Hs is similar
to AAFD. Then,

AF CF 9 2

FD FH, 1287/2 143
Since AF =12, FD = 858, so CD = 858 —9 = [849].
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10. Rewrite k- (k—1)---2-1 as kl. The key is noting that we can rewrite
n+1 1 n 1
nl nl o (n—1)
Using this, we can telescope our sum:
2 3 4 k+1 1 1 1 1 1 1 (—1)F+1 (—1)k+!
L () o - — 4.
TR TR TR e A Rl TR TR T TR TRl Rl Ry
(71)k+1
=1+ A

where everything but the first and last term cancels. Thus, we must have

(71)k+1 o1 1 (71)k+1 1

T S e K = 7008

Clearly, £ must be odd, as otherwise the left hand side would be negative while the right hand side
would be positive. Thus, we are interested in the positive odd integer solutions to

1 1

> k! < 7003.
W00 TS

Now, note that 12! > 7003. Indeed:
120 =6!-(8-9-10) - (7-11-12) = 720% - 924 > 700°.
But, for all £ < 11, we have k! < 700. Indeed:
11! =5!-(7-9-10) - (11-8-6) = 120 - 630 - 528 < 700°.

The sum of the 6 odd numbers between 1 and 11 inclusive is 62 = .



