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Find the last digit of 20232023
Proposed by: Yifan Kang

Answer:

Solution: Note that 20232923 = 32923 (mod 10). Since 3' = 3% (mod 10), we find
that for any z =y (mod 4) then 3* = 3Y (mod 10). Thus,

32023 = 32023—4'505 = 33 = 7 (mOd 10)
SO our answer is .

Harry wants to put 5 identical blue books, 3 identical red books, and 1 white book
on his bookshelf. If no two adjacent books may be the same color, how many
distinct arrangements can Harry make?

Proposed by: Anthony Yang

Answer:

Solution: Notice that there must be exactly one book between each blue book.
Thus, there are four spots to put three identical red books and one white book,
which yields (?) = 4 different arrangements so our answer is .

At Andover, 35% of students are lowerclassmen and the rest are upperclassmen.
Given that 26% of lowerclassmen and 6% of upperclassmen take Latin, what
percentage of all students take Latin? (If a% is the percentage, put a as your
answer).

Proposed by: Anthony Yang

Answer:

Solution: For simplicity assume there are 100 students at Andover. Then, 35
students are lowerclassmen and 65 students are upperclassmen. We are given
that 26% of lowerclassmen and 6% of upperclassmen take Latin, so a total of

26% - 35 4+ 6% - 65 = 13 students take Latin. Thus, % = 13% of all students take

Latin so our answer is .

An equilateral triangle with side length 2023 has area A and a regular hexagon
with side length 289 has area B. If % can be expressed in the form 7 where m

and n are relatively prime, find m 4+ n.
Proposed by: Andy Xu
Answer:



Math Open at Andover (October Tth, 2023) MOAA 2023 Gunga Bowl Solutions

G5.

Gb6.

G7.

Solution: Note that the hexagon can be seen as six equilateral triangles with side
length 289. Thus, the ratio % is equivalent to

20232 49

28926 6
so our answer is 49 + 6 = .

Andy creates a 3 sided dice with a side labeled 7, a side labeled 17, and a side
labeled 27. He then asks Anthony to roll the dice 3 times. The probability that
the product of Anthony’s rolls is greater than 2023 can be expressed in the form 7*
where m and n are relatively prime positive integers. Find m + n.

Proposed by: Andy Xu

Answer:

Solution: We will use complementary counting. Notice that in order for the
product to be less than or equal to 2023, there must be at least one 7 rolled. If
there is only one 7, then the other two rolls must both be 17. There are g—: =3
ways to roll this. If there are two 7s, then the third roll can be either 17 or 27.
There are 3 ways to roll each of these. There is only 1 way to roll three 7s. Thus,
there are 3+ 3+ 3+ 1 = 10 total ways to form a product less than or equal to 2023.
Since there are 32 = 27 different outcomes from three rolls, the probability of the

product being greater than 2023 is 1 — % = % so our answer is 17 + 27 = .

Andy chooses not necessarily distinct digits G, U, N, and A such that the 5 digit
number GU NG A is divisible by 44. Find the least possible value of G+U+N+G+A.

Proposed by: Andy Xu

Answer:

Solution: In order to show that GUNGA is divisible by 44, we must show that
GUNGA is divisible by both 4 and 11. If GUNGA is divisible by 11, then we must
have

(G+N+A)—-U+G =N+A-U=0 (mod 11)
or N+ A=U (mod 11). To minimize N + A+ U, we have N =A=U =0. To
show that GUNGA is divisible by 4, we need to show that GA = 0 (mod 4). Since

we know that A = 0 and G # 0, the minimum value of G is 2. Thus, our number
GUNGA is 20020, and checking we find that % = 455. Our final answer is

24+0+0+2+0=4]

Written in mm/dd format, a date is called cute if the month is divisible by the
day. For example, the date 8/2 is a cute date because 8 is divisible by 2. Find the
number of cute dates in a year.

Proposed by: Andy Xu
Answer:

Solution: The number of cute dates for a given dd is equivalent to the number of
multiples of dd. Let dd = n. Then, since mm < 12, the number of cute dates when
dd =n is [12]|. Noticing that [12| = 0 when n > 12, our answer is just

12 12
Z{;J = -
n=1
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G8. Let ABCD be a parallelogram with area 160. Let diagonals AC' and BD intersect
at E. Point P is on AF such that EC = 4EP. If line DP intersects AB at F, find
the area of BFPC.

Proposed by: Andy Xu
Answer:

Solution: Observe that [BFPC| = [ABCD] — [ADC] — [APF]. We know that
[ADC] = 1[ABCD] = 80, so we just need to find [APF]. First, notice that
ACPD ~ AAPEF since all sides are parallel to each other. We have

[CPD] CP 5

[ADC] ~ CA 8

so [DPC] = 2 -80 = 50. Now, notice that

[APF] AP? 9

[CPD] ~ CPZ 25

so [APF] = 5 - 50 = 18. Thus, we get

[BFPC] = [ABCD] — [ADC] — [APF] =160 — 80 — 18 = 62
SO our answer is .

G9. Real numbers x and y satisfy
Ty + To3
Yy
1 2

Yy
o

If 22 can be expressed in the form %\/’; for integers a, b, and ¢. Find a4+ b+ c.
Proposed by: Andy Xu
Answer:

Solution: Dividing the first equation by x yields y + % = 2. Multiplying the

9
x2"

3
x
second equation by z? yields y% +y? = 422. Notice that (y+ %)2 =y?+2+ y% =

Setting y? + y% = z gives the following equations:

z = 422
2—1—2:90%

Multiplying the two equations together gives
2(24+2)=36=22+22-36=0

so z = —1 4 /37 from quadratic formula. However, since z is real and z = 422 we
must have z > 0 so z = —1 + /37. Since we are looking for 22, we get

o Tl VET
o

W

so our final answer is —1 + 37 +4 = .
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G10. A number is called winning if it can be expressed in the form 55 + 2—173 where a and

G11.

Gl12.

b are positive integers. How many winning numbers are less than 17
Proposed by: Andy Xu
Answer:

Solution: We want to find all numbers that can be expressed in the form

where a and b are positive integers. Multiplying both sides by 460 gives
23a + 20b < 460.

Now consider the graph of this inequality. We wish to find all lattice points within
the region bounded by 23z + 20y = 460, the z-axis, and the y-axis, which we will
do using Pick’s theorem. Since the area of this region is % -23 - 20 = 230 and there
are 44 points on the boundary of this region, we get

44
230:I+?—1:>I:209

where [ represents the number of lattice points within the region. Since [ is what
we want to find, our answer is .

Let s(n) denote the sum of the digits of n and let p(n) be the product of the digits of
n. Find the smallest integer k such that s(k)+p(k) = 49 and s(k+1)+p(k+1) = 68.

Proposed by: Anthony Yang
Answer:

Solution: Note that if there is carryover from & to k + 1, then p(k + 1) = 0 and
s(k+1) < s(k). Thus, we cannot have any carryover from k to k + 1. If there is no
carryover, then s(k + 1) = s(k) + 1 so we now have the following equations:

s(k) +p(k) =49
s(k) + 1+ p(k+ 1) = 68

Subtracting the first equation from the second yields
p(k+1)—p(k) =18.

Now notice that if £ is an n-digit number and there is no carryover from k to k + 1,
then p(k + 1) — p(k) is equivalent to the product of the first n — 1 digits of k. For
example, p(125) —p(124) =(1-2-5) —(1-2-4)=1-2-(5—4) =1-2 = 2. Thus,
we now want to find the smallest (n — 1)-digit integer &’ such that the product of
the digits of k" is 18. This just yields k' = 29, so now we have k = 29b for some
digit b. Plugging this into our original equation gives

5(29b) 4+ p(29b) =2+ 9+ b+ 18b = 11 + 19b = 49
which means b = 2 so our final answer is | 292

Andy is planning to flip a fair coin 10 times. Among the 10 flips, Valencia randomly
chooses one flip to exchange Andy’s fair coin with her special coin which lands
on heads with a probability of %. If the coin is exchanged in a certain flip, then
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that flip, along with all following flips will be performed with the special coin. The
expected number of heads Andy flips can be expressed as 7* where m and n are

positive integers. Find m + n.
Proposed by: Andy Xu
Answer:

Solution: Assume that Valencia chooses to exchange her special coin with Andy’s
fair coin on the n + 1% flip, where 0 < n < 9. In this case, Andy’s coin is flipped n
times while Valencia’s coin is flipped 10 — n times. Thus, the expected number of
heads flipped when Valencia picks the n + 1** coin is

n 10—n 10+ n

2+4_4

Since there are ten different cases and each one is equally likely to be picked, the
expected number of heads flipped over all cases is

1 <10+n 29

10 4 8

n=0

SO our answer is 29 + 8 = .

Let o, 8 and 7 be the roots of the polynomial 2023z% — 202322 — 1. Find

1 1 1

Proposed by: Andy Xu

Answer:

Solution 1: Notice that

1 1 1 1 1 1 1 1 1

4o 1, 1 1 1 l 1 3
S TEtE=GT T NG T TE)G

+l+—)+—
By aBy

This can further be rewritten as

1 1 1 af + ay+ By

P A I

Now using Vieta’s, we get the following equations:

a+ B+
apfy

af + ay + By 3
afy )+ afy’

)* = 3( )

a+pf+y=1

af+ay+py=0
1
By = 333

Plugging each of these in gives

1 1 1

so our answer is | 6069 |.

Solution 2: Note the polynomial with roots é, %, and % is

H —

3
-0+ —7— = 20233 = 6069
2023

=03-3-

D!
(=)
D!
w

P(x) = 2® 4 20232 — 2023
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Observe that the sum of the roots is

1+1+1_0
a B v

and it is well known consequence that

1\? (1)3 (1)3 1 1 1 3 3
=) (=) + (=) =322 2 =2 =2 —[6069]
<a> 8 v a By By g

Let N be the number of ordered triples of 3 positive integers (a, b, ¢) such that 6a,
10b, and 15¢ are all perfect squares and abe = 210%'°. Find the number of divisors
of N.

Proposed by: Andy Xu
Answer:

Solution: Since 210 = 2-3-5-7 the only possible prime factors of a, b, and ¢ are 2,
3,5, and 7. Let @ = 2213%25%3704 p = 2b13b25b37ba and ¢ = 2013°25%7% where each
of a;, b, c; for 1 < i < 4 are nonnegative integers. Then, if 6a = 2@ 132 +1503704
is a perfect square, we must have

1 (mod 2)
0 (mod 2)

a1 = an
as =

Doing the same for 10b and 15c¢ yields

a1 =ag =by = b3

as

ca =c3 =1 (mod 2)
1 = ¢4 =0 (mod 2)

IS

Ny

S

no

o

iy
e

Now we must have
a1 + by + ¢; = 210.

Letting a1 = 2a) + 1, by = 2b} + 1, and ¢; = 2¢] gives
(2a] + 1) + (2b] + 1) +2¢} = 210 = d} + V) + ¢} = 104.

Since the only requirement for o}, b}, and ¢ is for them to be nonnegative integers,
there are (126) triples (a1, b1, c1) from stars and bars. Similarly, we find that there
are (126) triples that work for (ag, be, c2) and (as, b3, c3). Finally, we check

a4 + by + ¢4 = 210
Letting a4 = 2a}, by = 2b)}, and ¢4 = 2}, we get
2aly + 2by + 2cy = 210 = ajy + b, + ¢} = 105

which yields (107) triples (ag, by, c4) that work. Thus, we have

2
106\ ® /107
N:<2> (2>:33-53-73-534-1071

so the number of divisors of N is (3 +1)(3 +1)(3 +1)(4 +1)(1+1) =|640]
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Triangle ABC has AB =5, BC =7, CA = 8. Let M be the midpoint of BC
and let points P and @ lie on AB and AC respectively such that MP | AB and
M@ 1 AC. If H is the orthocenter of AAPQ then the area of AHPM can be
expressed in the form “\[ where a and c are relatively prime positive integers and
b is square-free. Find a + b+ c.

Proposed by: Harry Kim
Answer:

Solution: Notice that since M@ L AC and PH 1 AC, and MP 1 AB and
QH 1 AB, we have MQ || HP and MP || QH so MPHQ is a parallelogram. Now
let D and E be the feet of the altitudes from B and P to AC respectively, and
let F' be the foot of the altitude from M to HP. Observe that since MPHQ is a
parallelogram, FM = EQ and HP = M. Thus, we have

1 1
[HPM] =3 -HP-FM =3 - MQ-EQ.

Since M is the midpoint of BC' we know that MQ = @, and since BD is an
altitude we know BD = M From Heron’s formula we get [ABC] = 10v/3 so

BD — 2-10v3 _ 5v3 MO - 5[
8 2 4
We can quickly see that ABAD is a 30 — 60 — 90 right triangle, so we have
/A =60°= ZHQA = 90° — /A = 30°. Thus, AQHF is also a 30 — 60 — 90
triangle. Notice that HQ = M P. Since M P is half the altitude from C to AB we
have M P = 2v/3 = HQ. Then, from AQHE we have EQ = 3 so

1 5\f 15\/5
2 4 8

[HPM)] =

so our final answer is 15+ 3 + 8 = .
Compute the sum
©(50!)  p(51!) ©(100!)
©(49!)  (50!) ©(99!)
where ¢(n) returns the number of positive integers less than n that are relatively

prime to n.

Proposed by: Andy Xu

Answer:

Solution: Consider an integer k such that n = p{'p5? ..., pSr where p1,p2, ..., pm
are distinct prime numbers and eq, eq, ..., e, are positive integers. Then,
pl_lel p2_1€2 pm_le
p(k) = Pyt 2SI pim
(k) p1 ! p2 2 Pm
Now consider ‘pfp":,l!) where n+1 is not prime. Let n+1 = p i pri? . ... pf:;.j . Notice

that {ni,na,... ,ﬁj} € {1,2,...,m}, which means that

pn+1) ol (n+1) _ @ D Pu - Dy’ )  eny eny e,
_ - ] e e
p(nl) p(n!) N o(n!) =Pny Pny ---Pn; =N+
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Now consider % where n+1 is prime. Then, sincen+1 | (n+1)! and n+1 1 n!,

we have

gp(n+1!)_gp(n!‘(n+1))_(n+1)—1n -
o(n!) o(n!)  n+1 (n+1) ’

Therefore we get

50! 51! 100!
p(50h) | p(51Y) - (1001

©(49!) (50! ©(99!)
where n,, represents the number of primes p such that 50 < p < 100. Counting, we

get n,, = 10 so our answer is 50 + 51 + ...+ 100 — 10 = 3825 — 10 = [ 3815 .

= 50451 +... 4 100 —n,

Call a polynomial with real roots n-local if the greatest difference between any pair
of its roots is n. Let f(x) = 2% + ax + b be a 1-local polynomial with distinct roots
such that a and b are non-zero integers. If f(f(z)) is a 23-local polynomial, find
the sum of the roots of f(z).

Proposed by: Anthony Yang
Answer:

Solution: Let the roots of f(x) be r1 and ro. Then, since f(x) is a 1-local
polynomial, we have |ro — 71| = 1. Additionally, if a = —(r1 + r2) and b = ryry are
both integers, then r; and ro must also be integers. WLOG let ro = r; + 1. Now,
we can write

fx)=2®>—(r+r)r+rro=(x—r)(z—m)=(@—-r)z-(1+1)).
Observe that f(f(x)) can be expressed as (f(z) — r1)(f(z) — (r1 + 1)) or
(@ —r)(@—(r1+1) —r)((@ = r)(z— (r1+1)) = (1 +1)).
Thus, the roots of f(f(z)) must satisfy
(—r)@—(r+1)—r)(@—r)(z—(r1+1) = (n+1))=0
meaning that we have either of the following equations:

(x—r)(xz—(r1+1)—7r1=0
(z—r)(x—(r1+1)—(r1+1)=0

We find that the roots of (x —r1)(x — (r1 +1)) —r1 =0 are % VANFL and the

roots of (x —7)(z — (r1 +1)) — (r1 +1) =0 are % VANES by expanding and
using quadratic formula. Now, note that the greatest possible absolute difference
between any pair of roots is

2ri+ 1)+ VA +5 (2ri+1)— VI +5
(2r1 + )—;W_(rﬁ )2\/7"1—+: o

Thus, we have

vVary +5 =23
SO T = 2324_5 = 131. Our final answer is 71 + (r; + 1) = 131 + 132 = .
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G18. Triangle AABC is isosceles with AB = AC'. Let the incircle of AABC' intersect
BC and AC at D and F respectively. Let F' # A be the point such that DF' = DA
and FF = FA. If AF = 8 and the circumradius of AAED is 5, find the area of
ANABC.

Proposed by: Anthony Yang and Andy Xu

Answer: |60

Solution: Extend EF to intersect AD at L and let DF intersect AC at M. Now
let ZAEF = a. Then, from isosceles triangles we have /EFA = ZEAF = 90° — §
and /DAF = /DFA = /DAFE = /DFE. Notice that since DFE bisects ZADF
we have ADAE =2 ADFE. Since ZAEL = /FEM, we have AAEL =2 AFEM so
EL =FEM and AD — AL =FD — FM = DL = DM. Thus, ELDM is a kite.
We know that ED bisects Z/LEM = «a so ZMED = 5. Additionally, from equal
tangents we have

CE=CD= /CDE = /CED = % — /DCE =180° — a

so ZDAC = 180° — LZADC — ZACD = o« —90°. Since ZAEL = 180° — «, we have
LALE =180° — ZLAE — ZAEL = 90° which means that LE || DC. Now let the
incircle of AABC intersect AB at N. First notice that N, L, E/, and F' are collinear.
Furthermore, /NDL = /EDL =90° — § and /ANAL = /FEAL = a — 90°. Since

2
DEFE bisects LZADF we know /EDF = /EDA = 90° — % so we have

UNDF = /NDA+ ZADE + ZEDF = 270° — 3?@.

Now notice that ZNAD = /ZDAC = o — 90° so

LNAF = ZNAD + Z/DAFE + ZEAF = 3706 —90°

so ZNDF + ZNAF = 180° so NAFD is cyclic. Since AAED = AAND, the
circumradius of AAND and subsequently ADAF must be 5. Let DA = DF = x.

Since the area of a triangle is equivalent to ‘f}g we have

82

ADAF]) =422 - 16 = —

[ ] x 1E
which simplifies to z* — 10022 + 1600 = 0. Solving gives 22 = 20, 80 so = = 2/5,
4+/5. However, since ZADF < Z/ADC = 90°, we must have z = 4y/5. Let the
altitude from D meet AF at K. AK = AD? — AK?2 =8 and ADAK ~ AAEK

so we have

AK

AE=—-AD =2
DK V5
Furthermore, since ADLE ~ ADKA and DE = AK — DK = 6 we have
DE G\f
LE=— AK =
DA 5
Since AALE is a right triangle we get AL = % and since AALE ~ AADC we
get
AD
DC=— -LFE=
C="7 3v5

- 3v/54V5 _
SO our answer is =252 - 2= .
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Compute the remainder when @8‘;’) is divided by 101 x 103.
Proposed by: Brandon Xu

Answer:

Solution: We use a clever application of Vandermonde’s identity, which states:

(") ‘kzzo(f) (") )

Letting m,n,r be 101,104, 101 respectively gives:

205\ (101 + 104 _% 101\ [ 104
101) 101 =\ k)10l -k

Note that for all 1 < k£ < 100, (121) (1(}{%1@) =0 (mod 101). Thus, the sum reduces

= () (33 =2 i

Similarly, for all 0 < k£ < 99, (121) (mllofk) = 0 (mod 103). In this case, the sum
reduces to

101\ /104 101\ /104
W (O () () () 2 2re 1 i 0

We have N =2 (mod 101) and N = —1 (mod 103). Combining these two relations
yields N = 5355 (mod 101 x 103) for an answer of | 5355 |.

Big Bad Brandon is assigning groups of his Big Bad Burglars to attack 7 different
towers. Each Burglar can only belong to one attack group and Brandon takes over
a tower if the number of Burglars attacking the tower strictly exceeds the number
of knights guarding it. He knows there the total number of knights guarding the
towers is 99 but does not know the exact number of knights guarding each tower.
What is the minimum number of Burglars that Brandon needs to guarantee he can
take over at least 4 of the 7 towers?

Proposed by: Eric Wang
Answer:

Solution: Let the number of burglars assigned to the ith tower be b;. WLOG let
b1 < by < --- < by. Also, let the number of knights assigned to the ith tower be k;.

Notice that Brandon fails if and only if k; > b; for at least 4 values of i. The
minimum number of knights needed for this to happen would be

b1 +ba+by+ by
which occurs when k; = b; for 1 < ¢ < 4. Therefore to guarantee Brandon will

succeed it is necessary and sufficient that by + bo + bs + by is greater than the total
number of knights, that is,

b1 + by + b3 + by > 100.

10
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G21.

G22.

G23.

After that, notice that by > bg > bs > by, so the total number of burglars is

7
Z > (by 4 by + by + by) + 3by > 100 + 3by,
=1

and the minimum value of b4 is when by = by = by = by = 25, so the minimum

number of Burglars that Brandon needs is 100 4 3 - 25 =175

In obtuse triangle ABC where /B > 90° let H and O be its orthocenter and
circumcenter respectively. Let D be the foot of the altitude from A to HC and F
be the foot of the altitude from B to AC such that O, F, D lie on a line. If OC = 8
and OF = 4, find the area of triangle HAB.

Proposed by: Harry Kim
Answer:

Solution: Observe that ZAEC = ZADC = 90° so AECD is cyclic. Therefore,
ZOEB = /CED = £CAD = £B9C = 90° — ZOBE so ZBOE = 90°. Thus,

BE = /82 + 42 = 4+/5. Let M be the midpoint of BC. Then OM = 3% = 8

W5 T VA
It is well known that HA = 20M = %. Thus,

1 1 16
[AHAB]_§BE'HA_§-4\/5-E—.

Harry the knight is positioned at the origin of the Cartesian plane. In a “knight
hop”, Harry can move from the point (i, 7) to a point with integer coordinates that
is a distance of /5 away from (i, 7). What is the number of ways that Harry can
return to the origin after 6 knight hops?

Proposed by: Harry Kim

Answer:

Solution: We can separate into four cases: when the total positive £ movement
is 6, 5, 4, and 3. By symmetry with the positive y movement, the first and the
fourth case yield the same number and the second and the third case yield the
same number as well. Therefore, we consider the first two cases.

(i) Total positive z movement: 6

The x movements must be a permutation of (2,2,2, -2, —2,—2) and the y
movements must be a permutation of (1,1,1,—1, —1, —1). Therefore, (g) . (g) =
400.

(ii) Total positive z movement: 5

The & movements must be a permutation of (2,2,1,—2,—2,—1). Then the y
movements can be a permutation of (2,2, -1, —-1,—-1,-1), (-2,-2,1,1,1,1),
and (2,1,1,—1,—1,-2). This gives o5 - (1 + 1 +2(3)) = 2520 possible ways.

Therefore, the answer is 2(400 + 2520) = | 5840 |.
For every positive integer n let

nt4nd4nZ-—n+1
nb —1

f(n) =

11
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Given
20 a
> fn) =+
n=2 b

for relatively prime positive integers a and b, find the sum of the prime factors of b.
Proposed by: Harry Kim

Answer:

Solution: Notice that

4, .3 2 4. 2 2
n*+n°+n“—n+1 n*4+n°+1 n(n°-1)
fn) = =

nb —1 nd —1 nd—1
1 n 1 n

21 2l mtDn-1)  (Brnt D —n+l)

Observe that

20 1 1 20 1 1
N e R DN ()

n=2

20 20
> i =32 (s
by m2+n+1)n>—-n+1) 2 = n?—n+1 n?+n+1

(-3 ()= 0)

Then the desired value is

11+1+1 1 1 1\ 102163
117880

2

273 20 21 421

Since 117880 = 23 x 5 x 7 x 421, the answer is 2 + 5 + 7 + 421 =435

G24. Circle w is inscribed in acute triangle ABC'. Let I denote the center of w, and let
D, E, F be the points of tangency of w with BC,C A, AB respectively. Let M be
the midpoint of BC, and P be the intersection of the line through I perpendicular
to AM and line EF. Suppose that AP =9, EC = 2FEA, and BD = 3. Find the
sum of all possible perimeters of AABC.

Proposed by: Harry Kim

Answer:

Solution: Let X be the intersection of AM and EF'. It is well known that the
points D, I, X are collinear. Observe that AX | PI and Al 1 PX so X is the
orthocenter of triangle AIP. Hence, DX | AP and therefore AP || BC. Now let

12
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lines EF and BC intersect at (). Using the length conditions, let AE = AF =«
and C'D = CFE = 2zx. Notice that AAFP ~ ABFQ so QB = %7 Using Menelaus
theorem at ABC' — FF(Q, we obtain

27

x
AR LA Y |
3 2243z 427

Rearranging, we get 222 — 152 +27 = 2z —9)(z —3) = 0so z =  or z = 3. When
T = %, the perimeter of AABC is 6z + 6 = 33 and when x = 3, the perimeter is

6x + 6 = 24. Therefore, the answer is 33 + 24 = .

13



